We prove that for every Bell's inequality, including those which are not yet known, there always exists a communication complexity problem, for which a protocol assisted by states which violate the inequality is more efficient than any classical protocol. Violation of Bell's inequalities is the necessary and sufficient condition for quantum protocol to beat the classical ones.
tion correctly with as high probability as possible. An execution is considered successful if the value given by all parties is correct.
From the perspective of quantum information the question is: Are there communication complexity tasks such that the parties can increase the success rate of solving the problem if they share prior entanglement, rather than classically correlated random strings [6 -10] ? Cleve and Buhrman [6] showed that entanglement can indeed be used to save on classical communication. In Ref. [7] is presented a two-party CCP that can be solved with a higher probability of success than classically if prior shared entanglement is available. The quantum protocol is based on the violation of Clauser-Horne-Shimony-Holt (CHSH) [11] inequality by the maximally entangled state. Similarly, the quantum protocols of multiparty problems of Refs. [7, 8, 12] were based on the Greenberger-HorneZeilinger (GHZ) [13] argument against local realism.
The question is which general states can lead to higher than classical probability of success. Here we will show that the necessary and sufficient condition for the quantum protocols of Refs. [6 -8,12 ] to have a higher success rate than any classical protocol is that the state violates a Bell inequality. This is based on the observation that the quantum protocol can be seen as a modified test of Bell's inequality. The questions arise: Is this a general feature of all Bell's inequalities? Can one paraphrase every Bell's inequality in the context of CCPs?
The answers we give are positive: For every Bell's inequality, including those which are not known yet, there always exists a CCP, for which the protocol assisted by states which violate the inequality is more efficient than any classical protocol. As an explicit example, we will use the complete set of 2 2 n of n-qubit Bell's inequalities for correlation functions [14, 15] . This includes the specific multiparty problems of Ref. [6 -8,12 ] as special cases.
One might object that the CCPs considered here are (artificially) adapted to Bell's inequality. This is true but unimportant for two reasons: (i) Typical functions in the problems are related to such as sine and cosine which are by no means artificial. (ii) From the quantum information perspective, we are interested only in CCPs for which quantum solution can have an advantage over the classical one. We show that, within the class considered, apart from the problems which are adapted to Bell's inequalities, there are no other such problems.
The two-party CCP of Ref. [7] is as follows. Alice receives a two-bit string z 1 y 1 ; x 1 and Bob a two-bit string z 2 y 2 ; x 2 , where y 1 ; y 2 2 fÿ1; 1g and x 1 ; x 2 2 f0; 1g. Their common goal is to compute the function (a reformulation of the original function of Ref. [7] ),
with as high a probability as possible, while exchanging altogether only two bits of information. All input strings are distributed with equal probability. We will show that the quantum solution of this problem will have a higher success rate than the classical one if and only if one uses entangled states that violate the CHSH inequality.
We first present a class of classical protocols (which we prove to be optimal in the appendix Before showing the maximal probability of success in this protocol, we introduce its quantum competitor. Suppose Alice and Bob share a pair of entangled qubits. If Alice receives x 1 0, she will measure a two-valued observable A 0 on her qubit. For x 1 1, she will measure a different observable A 1 . Bob follows the same protocol. If he receives x 2 0, he will measure observable B 0 on his qubit. For x 2 1, he will measure a different observable B 1 . We ascribe to the two outcomes of the measurements the values 1. The value obtained by Alice in the given measurement will be denoted by a, whereas the one of Bob's by b (a and b play the similar role as in the classical protocol). Alice sends bit e A y 1 a to Bob, and Bob sends bit e B y 2 b to Alice. Finally, they both put e A e B for the value of the function.
In both the classical and the quantum protocols, the task is to maximize the probability P for the product ab to be equal to ÿ1
x 1 x 2 . In the quantum case, this probability is given by
where, e.g., P A 0 ;B 0 ab 1 is the probability that the product ab is equal to one if Alice measures A 0 and Bob measures B 0 . Recall that all four possible input combinations occur with the same probability 1=4.
It is crucial to notice that the classical protocols introduced above can be considered as local realistic models of the quantum protocol ( are local hidden variables). Thus, the success probability P C in the classical case is also given by Eq. (2). However, there exists a local realistic bound for P C . Indeed 4P 3 is a version of the CHSH inequality [11] . Thus, P C is bounded by 0.75. The quantum protocol will have higher success rate P Q than the classical one P C if, and only if, the two-qubit state violates the CHSH inequality. With the use of a maximally entangled state, one has P Q 0:85 [7] .
Therefore, Bell's theorem provides an efficient solution of CCP of Ref. [7] . We now generalize this to an arbitrary number of parties and to various functions.
Consider n separated parties and any Bell inequality for correlation functions
Here g is a real function, Bn is a bound imposed by local realism, and 
where Q is a probability distribution defined by 
As we will see below, the left-hand side of inequality (5) will be equal to the probability of success in a class of CCPs adapted to the Bell inequality, whereas the righthand side of inequality (5) will define its classical limit. The class of our CCPs is as follows: (i) There are n parties. The ith party receives a two-bit input string
The values of y i are distributed randomly, whereas those of x i in accordance with a probability distribution Qx 1 ; . . . ; x n . Thus, the inputs x 1 ; . . . ; x n can in general be (classically) correlated. (iii) After receiving the input strings, each party is allowed to broadcast only one bit of information (denoted as e i ). It may reveal, e.g., a part of the received string, or some locally produced result of computation or measurement. (iv) Finally, each party attempts to give a value for the function fx 1 ; . . . ; x n ; y 1 ; . . . ; y n 1, given by f y 1 y 2 y n Sgx 1 ; x 2 ; . . . ; x n :
The execution of the protocol is successful when all parties arrive at the correct value of f. Their joint task is to maximize the probability of success. Various problems considered in Refs. [6 -9,12] are particular cases from our class of problems with specific numbers n of parties and function g. The optimal class of classical protocols (see appendix for the proof of optimality) is a generalization of the one discussed previously for the two-party problem. The party i calculates locally any function a i x i ; i , where i i 1; . . . ; n again is a random string of variables shared among the parties before they start the protocol. Next, she/he broadcasts e i a i y i . After the broadcast, all parties put as the value of f the number Q i e i Q i y i a i , which is equal to the actual value of function f in a certain fraction of cases (see below).
Let us introduce a quantum competitor to the class of classical protocols considered above. The parties share n entangled qubits. Each of them can perform measurements of a two-valued observable on the local qubit. The quantum protocol reads ( Fig. 1 p cos 2 x 1 x n for n odd, whereas for n even one has g even 2 n p cos 2 x 1 x n . The probability distribution Qx 1 ; . . . ; x n is such that only inputs x i which satisfy the condition that x 1 x n is even are distributed (with equal probability). This type of problem was first considered in Refs. [7, 8] . The quantum protocol rests on the violation of the Mermin inequality [16, 17] . The maximal probability of success in the classical protocol is P p for n even. In the quantum case, with the use of n qubits in a GHZ state, the task can be performed with certainty, i.e., P max Q 1. This contrasts both classical cases, where in the limit n ! 1 one has P max C ! 0:5, just as for a random choice.
Next, suppose that the number n of parties is even and consider S . The quantum protocol is now based on the violation of the Ardehali inequality [18, 17] . The maximal probability of success in a classical protocol is P max C 1 2 1 1= 2 n p , whereas in the quantum protocol with the use of the GHZ state this probability reads P max Q 1 2 1 1= 2 p . Thus, in this case one does not have certainty. Nevertheless, because Bell's inequality defined by g 0 even is violated by the GHZ states by a higher factor than the one defined by g even , the quantum protocol is more resistant to noise admixture to the GHZ states.
One can generalize our results to Bell's inequalities with higher-dimensional systems and more measurement [19] . Recently, one such protocol using entangled qutrits was proposed [20] .
One can extend the notion of contradiction with local realism to include also the cases of violation of Bell's inequalities only after local operations and classical communication (LOCC) [21] . However, the states which violate Bell's inequalities only after LOCC cannot give any advantage over classical protocols in the class of CCPs considered here. Simply, LOCC transformation requires more communication than is permitted by the problems. 
where ja i x x i j jb i x x i j 1, and ja i x x i j, jb i x x i j 0 or 1. One can introduce the ''answer'' function, A, that Alice (say, partner 1) can use to give her best choice for the value of f. As the only data that she has are x 1 , y 1 , and e 2 ; . . . ; e n , function A must be of the form Ax x 1 ; y 1 ; e 2 x x 2 ; y 2 ; . . . ; e n x x n ; y n . Furthermore, as A is a function of n 1 bits, it can be decomposed as follows (10) Since the allowed values for A are 1, one has jA j 0 j n j 1.
As a measure of fidelity of function A with respect to f, we introduce their ''weighted'' scalar product f;A X 
where 1=2 n Qx x 1 ; . . . ;x x n is the probability of the given sequence of inputs. The probability that Alice gives the correct value of f is given by P 
